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PROBLEM

Consider the following optimal sequence problem :
SUP{z,41}22, Zf,’io Bt (xt - $t+1)
(5P) such that 0 < yzi41 < 22
given o > 0

We suppose 7y >0and 0 < S < 7.
1. Connection between the sequence problem and the functional equation
For a feasible plan zy = (2o, ., %, .) € II(zo), the cost along the plan is

o0

u(zg) = B (2 = Y %e1) -

t=0
The value fonction of the problem (SP) is v*(Zo) = SUPgeri(zy) u(Zo).

(a) Show that the value fonction v* of the problem (SP) satisfies the functional equation :

(FE)  w(z)= suwp {(z—7y)+Pu(y)} VzeR'

0<by<Laz
(b) Show that, if a feasible plan zo* satisfies v*(zo) = u(zo*) then
v'(zf) = (27 — '77’Z+1) + Bv*(z311)-

2. Existence of a continuous solution for the functional equation
We look for a solution of the functional equation in the following space :

E={f:R* 2R, s.t, Jey,c; ERVZ ERY f(z) =17+ o},

Let us define the operator T on £ by
Tf(z)= sup {(z—7y)+Bf(¥)} VzeR'

0<vy<sz
(a) Show that if f € £ then T'f € €.

(b) Let vo(x) = 0, and define v"+(z) = Tv"(z). Show that the sequence converges in a
finite number of iterations. Find a solution of the functional equation (FE). Explain
why this solution is the value function of the sequence problem and find the optimal

plan.




