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Proor
Do the proof of the following theorems :

Assumption H 1. The correspondence I'(z) is nonempty for all z € X.

Assumption H 2. For all 7o € X and 2o = (%o, 1, , %, ") € TI(zo), imp oo O g B F (2, Tes1)
exists (although it may by plus or minus infty).

Theorem
Let X, T, F and @ satisfy H 1 and H 2. Let 25 € I(zo) be an optimal plan from zo, then

v (zy) = F(x;’w;+1) + ,3”*(37;-1-1) n=0,1,2---

n

Theorem
~ Let X, T, F and B satisfy H 1 and H 2. Let 75 € II(xo) be a feasible plan from xo, satisfying
v*(z7) = F(z;’z;+1) + ﬂv*(x:l'i'l) n=0,1,2--

n

and
limsupB™v*(z5) <0 & (Ve>0, dng Vn2mp g™t (z;) <e ).

n—-+0o

Then zg 1s an optimal plan for the initial state xo.
PROBLEM

Consider the following optimal sequence problem :
SUP{z;41}82, > oo BYF (224 — Tt41)
(SP) such that z; < z41 < 27
given zo > 0

We suppose 0 < 8 < % and F : Ry — R satisfies (HF) :
(HF) F is continuous and satisfies

IMp > 0 such that Vz € Ry 0< F(z) < Mr(z+1)
Preliminary question : Show that any feasible plan zo = (2o, Z1,.,%¢,.) € II(zo) satisfies

Vi >0 zo <z < (2) 0.
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1. Connection between the sequence problem and the functional equation
For a feasible plan zp = (o, ., %t,.) € II(zo), the cost along the plan is

u(zg) = Y _ B'F (224 — Te41)-
t=0

The value fonction of the problem (SP) is v*(Zo) = SUD,,ern(zo) %(Zo)-

(a) Show that the value fonction v* of the problem (S P) satisfies the functional equation :
(FE) v(z) = sup {F(2z—vy)+pPv(y)} VzeR"

z<y<2z
(b) Show that, if a feasible plan zo* satisfies v*(zo) = u(zo*) then
v(2f) = F (28] — 2741) + Bv"(10)-

(c) Show that 0 < v*(zp) < (TA{% + IM_FZ%Q) < lif{ﬁ(xo +1)
(d) Deduce that any feasible plan zo* satisfying
v (z;) = F (297: — zpp,) + Bv(Tiha),
is an optimal plan.
2. Existence of a continuous solution for the functional equation
We look for a solution of the functional equation in the following Banach space :

H(R*) = { f : R* = R, continuous and s. t., IM Vz € R* |f(z)| < M(|z| + 1)},

endowed with the norme || f|| = supg+ %I(%
Let us define the operator T on H(R™) by
Tf(z)= sup {F(2z—y)+Bf(y)} VzeR?

z<y<2z

(2) Show that if f € H(R*) then T'f € H(RY).

(b) Show that T satisfies
a. (monotonicity) f, g € H(R*) and f < g implies T(f) < T(g).
b. (discounting) for all f € H(R*),a > 0.

T(f + (|| +1)) £ T(f) + 2Bal.| + Ba < T(f) + 2Ba(| | + 1)

Then deduce that T is a contraction with modulus 24.
(c) Show that the functional equation (FE) has a unique solution.
(d) Show that this solution in H(R") is the value function of the sequence problem.
3. Application

We take F(l) = V1.

Show that v(z) = % is a solution of the fonctional equation. Explain why this solution

of the functional equation is the value function and find the optimal policy function.
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